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ABSTRACT 
By relating the problem to the study of the number of zeros of certain wronskian 
determinants, estimates are found for the number of zeros on the real line of functions 
of a certain class. This class is instanced by functions of the shape 
m 
Z Pt(@ exp Qd-4 
k=l 
where the Pa, QI~ are polynomials and the Qk have real coefficients. 
1. INTRODUOTI~N 
Let F(x) be an exponential polynomial, that is, a function of the shape 
F(z)= 2 ( C Q,Z +) exp (~~4, 
k=l Z=l 
where ck,l and wk (Ic= 1, 2, . . ., m; I = 1, . . ., ph) are complex numbers. Then 
it is well-known that F satisfies a linear differential equation with constant 
coefficients, the order of which is given by 
It follows that the multiplicity of a zero of F at any point x0 E C cannot 
exceed n- 1. In the special case when the numbers cok in (1) are real 
(k=l, . ..) m) it can be shown by means of Rolle’s theorem that even the 
total number of zeros of F on the real line cannot exceed n- 1. (See for 
example GELFOND and LINNIK [2], Ch. 12, lemma 1; also compare POLYA 
and SZEG~ [4], problem 76). 
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It is our purpose to generalise these results for a wider class of functions. 
We will instance this class by functions of the shape 
where the Pk: and the Q]c (k=l, . . . . m) are polynomials with complex 
coefficients. We give an upper bound for the multiplicity of a zero of F 
in a point zo E C and, if the coefficients of the polynomials Qk are real, 
we also provide an upper bound for the number of zeros of F on the real 
line. Explicitly, if in (2) the polynomials Pk and Qk (k= 1, 2, . . ., m) are 
of maximal degree r, and q respectively then the multiplicity of a zero 
of 3’ in a point zo E C does not exceed 
(3) m-l-tmp+&@+l)(q-l), 
and if the coefficients of the Qk are real, then the number of zeros of F 
on the real line does not exceed 
Elsewhere [5], the present authors and R. TIJDEMAN derive an estimate 
for the number of zeros of functions F of the shape (2) in discs of 
radius R (0 G R < 00) in the complex plane. 
2. WRONSKIAN DETERMINANTS 
Our results depend on establishing a relationship between the zeros of 
linear combinations 
of linearly independent analytic functions 41, . . . . +nz, and the zeros of 
(s= 1, 2, . ..) m). 
, 
LEMMA 1. Let &, . . . . & be analytic functions. Then the wronskian de- 
terminant W(&, . . . , I&) as dejhed in (5) vanishes identically if and only if 
the functions $1, . . ., & are linearly dependent over C. 
PROOF : Well-known. 
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LEMMA 2. Let $1, . . . . &., d be analytic functions. Then 
PROOF: The result is clear on writing 
and performing appropriate row operations on the determinant. 
LEMMA 3. Let 41, . . . . & be analytic functions. Then for O< kcs 
PROOF : If k= 1 then lemma 2 applied twice implies 
which is the lemma for k = 1. 
Now write 
yt= W($h, . . . . $&I, &+t); p=o, 1, -.*, s-k), 
and observe that 
Proceeding by induction on k, applying lemma 2, and the case k= 1 
above, we have 
thus proving the lemma because the identical vanishing of W(&, ~. , , &-I) 
implies the vanishing of all the other determinants by lemma 1. 
COROLLARY. The case k = s - 2 oj the lemma is 
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3. ZEROS OF FUNCTIONS 
If G is a function analytic in a neighbourhood of x0 E C we denote by 
N,,(G) the multiplicity of the zero of G at x0. If G is analytic on an open 
neighbourhood of the closed interval I= [a,, b] C R we denote by NI(G) 
the number of zeros of G in I counted according to multiplicity. If G 
should vanish identically we define NZ,,(G) =NI(G) =co for xo E C, I C R. 
THEOREM 1. Let $1, . . . . & be functions analytic in a neighbourhood of 
x0 E C and let 
Jw = kg$k(z). 
Then 
PROOF: By virtue of the definition of P we have 
Hence 
WC&, -*., $&-1, F)= W($bl, . . . . &n--1> 4fd. 
where Bk is the cofactor of P(m-k) in the determinant W(+l, . . ., &-I, F); 
(k= 1, . ..) m). Because the Bk are analytic functions it follows that 
proving the theorem. We note that the assertion becomes trivial if 
41, “a, q5m are linearly dependent over C. 
THEOREM 2. Let 41, . . . . qbm. be real analytic functions on an open 
neighbourhood of I = [a, b] C R and let 
PROOF: For brevity write 
Hr= W(#Jl, a-., +R-I, F), (k= 1, . . . . ml; 
Wk= W(cjl, . . . . &), (k=O, 1, . . . . m); Hl=F, Wo=l. 
As observed in the proof of theorem 1, we have 
Hm= W($+l, *es, +m-1, P)= Wm, SO flI(Hm)=NI( Wrn). 
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We assert that for Ic=l, 2, . . . . m-l 
(6) NZ(Hk) < Nz(Hk+l) + Nz( Wk) + Nz( Wk-1) + 1. 
Adding these inequalities for E= 1, 2, . .., m- 1 we immediately obtain 
the theorem. To prove the assertion consider 
Wk(X) = {Wk(x)p.d/dx (Hk(X)/Wk(X))=Hk’(x)Wk(x)-Hk(X)Wk’(X) = 
= WWk(X), Hk(X)). 
By the corollary to lemma 3 we already have 
(7) Hk+l * wk-1 = yk so NI(Hk+l) + NI( Wk-1) = N&k). 
Now if Hk has zeros at ~1~x2~ . . . <xt in I with respective multiplicities 
~1, . . . . pt then +jk has zeros at x1, . . . . xt with respective multiplicities at 
leastpI--1, . . ..pt-- 1. Furthermore, since Wk and Hk are real differentiable 
functions, by Rolle’s theorem there is a zero of (Hk/Wk)‘, and hence 
a zero of yk, in each interval (xj, xj+l) that does not contain a zero of wk. 
There are at least t- 1 -NZ( wk) such intervals, so 
(8) Ndyd> ~(P~-l)+(t--l)-~Z(W,)=lVr(H,)-nir(wk)-]. 
i=l 
The inequalities (7) and (8) together give the assertion (6), which completes 
the proof of the theorem. 
4. AN APPLICATION OF THE THEOREMS 
In order to apply the above results to functions of the shape (2), we 
require the following lemma: 
LEMMA 4. Let &(x)=Pi(x) exp &i(x) (i=l, . . . . k) where the Pi and &i 
are polynomials with complex coefficients. Let pi = deg Pi and qi = deg Qi 
(i=l, . ..) k). We awume that none of the polynomials Pi nor Qg’ - Qj’ 
(i#j; i,j=l, . ..) k) vanishes identically. Then the wronskian W(&, . . . , $k) 
is of the shape 
(9) Rk(Z) exP (i~Qe(r)), 
where Rk is a polynomial of degree 
PROOF: Eachentry#@(z)(i=l,..., k:;t=O,l,..., k-1)of W($l,..., 4~) 
is of the shape Xi,&) exp Q&) where L$,t is a polynomial of degree 
pi+ t(qg-- 1). Accordingly the wronskian has the asserted shape (9), and 
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by expanding the determinant we see that the degree of Rk does not 
exceed. 
(11) jlpt + 
k-l 
max, t t~ot(w+l) - l)), 
where the maximum is over all permutations z of the set (1, 2, . . . . k}. 
One sees easily that the quantity (11) is equal to 
Wax (4i, 4j) - 11, 
l<i<j<k 
which is the bound on the right in (10). To obtain the sharper bound 
on the left in (10) one notices that whenever for some i #j, deg (Q - Qj’) < 
< (max (qi, qj) - 1) then one can reduce the degree of the polynomial 
coefficients in a column of the wronskian by the appropriate discrepancy 
by elementary column operations in the determinant. Alternatively a 
more detailed inductive argument making use of lemma 3 permits one 
to obtain the asserted equality (10) in a direct manner which also implies 
that the wronskian does not vanish identically. This last result is easily 
obtained directly by noting that the wronskian does not vanish identically 
unless some P(x) = zF=, Pi(z) exp &i(z) vanishes identically and this is 
impossible because of the behaviour of P for 1x1 large. 
Lemma 4 allows us to estimate the number of zeros of certain wronskian 
determinants. Accordingly we obtain the following results as corollaries 
of theorem 1 and theorem 2 respectively. 
EXAMPLE 1. Let F(z)= zFsl P,(z) exp &B(X), where the Pe and Qk 
(lc= 1, . ..) m) are polynomials with complex coefficients cd of maximal 
degree p and q respectively. Then the multiplicity N,,(F) of a zero of H in 
a point x0 E C does not exceed 
(3) m-l+mp+*m(m-l)(q-1). 
PROOF : Write c+$ = Pi exp &g (i = 1, . . . , m) and recall that by lemma 4 
we have for the polynomial R, defined in (9) 
deg R,<mp++m(m- l)(q- 1). 
Hence by theorem 1 
Nzo(~)~m-l+Nzo{W(~l, . . ..&)}<m--l+ degh 
which is the assertion (3). 
EXAMPLE 2. Xuppose in example 1 that the polynomials Qr (k = 1, . . . , m) 
all have real coefficients. Then the number of zeros N, (3’) of F on the real 
line do.98 not exceed. 
(4 m-l+(ms-m+l)p+Q(m-l)(m2-2m+3)(q-1). 
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PROOF : By separately considering the real 
P(x), x E R, we may suppose without loss of 
(k=l, . ..) m) all have real coefficients. Then by 
and imaginary parts of 
generality that the PI, 
theorem 2 and lemma 4 
m-2 
Gm--l+p(z:k+ zk)+(q-l)( C@(k-l)+ 2 @(k--l)). 
k-l k=l k-l k=l 
which is the assertion (4). 
5. REMARKS 
We mention theorem 1 (and example 1) for completeness; there is in 
fact a much more general such result for combinations of functions 
satisfying a linear system of differential equations with rational function 
coefficients. (For a very general such result see NESTERENKO [3], and see 
references there mentioned to the work of SIEGEL and SIDLOVSKII). 
Lemma 3 is due to PROBENIUS [l]; it enables us to factorise the 
differential equation for P, 
so as to obtain 
where D denotes differentiation with respect to the variable, and 
This is the key to the proof of theorem 2. 
The estimate in [5] for the number of zeros of functions P of the shape 
(2) in discs of radius R in the complex plane also depends on an appropri- 
ately factorised differential equation for F. Example 1 of this paper 
suggests that the estimates in [5] can be improved when R is small. 
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